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Singularity or negativity of Glauber P-function is a widespread notion of nonclassicality, with
important implications in quantum optics and with the character of an irreducible resource. Here
we explore how P-nonclassicality may be generated by conditional Gaussian measurements on bi-
partite Gaussian states. This nonclassical steering may occur in a weak form, which does not imply
entanglement, and in a strong form that implies EPR-steerability and thus entanglement. We show
that field quadratures are the best measurements to remotely generate nonclassicality, and exploit
this result to derive necessary and sufficient conditions for weak and strong nonclassical steering.
For two-mode squeezed thermal states (TMST), weak and strong nonclassical steering coincide, and
merge with the notion of EPR steering. This also provides a new operational interpretation for
P-function nonclassicality as the distinctive feature that allows one-party entanglement verification
on TMSTs.
The classification of quantum correlations is a very ac-
tive front of research since the early days of quantum
mechanics. In this Letter, we investigate quantum steer-
ing, a class of asymmetric quantum correlations stronger
than entanglement [1], but weaker than violation of Bell’s
inequality [2, 3], that was introduced in relation to the
EPR argument [4, 5], to indicate the possibility of one
party to collapse (or steer) the wavefunction of the other
party into different quantum states by means of suitable
measurements. Despite this early appearance, steering
received firm mathematical bases only recently [6, 7], and
we refer to this definition as EPR steering, particularly
in the context of continuous-variable (CV) systems [8].
The central idea of EPR steering is to use the influence
of the measurements performed by one party (say Alice)
to convince the other party (say Bob) that the shared
state was entangled: if the initial correlated state allows
for such a task, it is called EPR-steerable by Alice. Steer-
ing is now widely considered a fundamental resource for
quantum communication tasks [9–14] and many criteria
for its detection have been explored [15–18].
Independently of quantum correlations, a variety of
other concepts of nonclassicality have been put forward
[19]. For CV quantum systems, the nonclassicality of
a quantum state ρˆ is often characterized using the sin-
gularity of its Glauber P-function [20–22], i.e. its ex-
pansion onto coherent states |α〉 (α ∈ C) according to:
ρˆ =
∫
C
d2αP [ρˆ] (α) |α〉〈α|. The main reason for the wide
use of the P-function is that it leads to the most physically
inspired notion of nonclassicality. It has direct empiri-
cal consequences, for example in quantum optics, where
it is known to be necessary for antibunching and sub-
Poissonian photon statistics [23]. Viceversa, classicality
according to the P-function implies the empirical ade-
quacy of Maxwell’s Equations for the phenomenological
description of the corresponding state of light. More-
over, P-nonclassical states are usually harder to fabri-
cate [24, 25], thereby giving a resource character to this
type of nonclassicality [26, 27]. In this paper, we investi-
gate the possibility of steering nonclassicality with two-
mode Gaussian states, i.e. manipulating and generating
it remotely [28], and introduce the concepts of weak and
strong nonclassical steering for bipartite Gaussian states.
As a first step, let us briefly review the definition of
P-nonclassicality. The P-function is a member of a con-
tinuous family of phase space quasiprobability distribu-
tions, known as s-ordered Wigner functions and defined
according to [20]:
Ws [ρˆ] (X) =
∫
Rn
d2nΛ
(2pi2)n e
1
4 s|Λ|2+iΛTΩX χ [ρˆ] (Λ) (1)
for s ∈ [−1, 1]. Here the characteristic function [29]
is defined as χ [ρˆ] (Λ) = Tr[ρˆ eiΛT Rˆ], where Rˆ =
(xˆ1, pˆ1, ..., xˆn, pˆn)T is the vector of the canonical oper-
ators (or quadrature operators), related to the mode op-
erators by xˆj = (aˆj + aˆ†j)/
√
2, pˆj = −i(aˆj − aˆ†j)/
√
2.
The case s = 1 corresponds precisely to the Glauber P-
function, which is therefore the most singular of the fam-
ily and can behave even more singularly than a tempered
distribution. When the P-function of a CV quantum
state ρˆ is not positive semidefinite [30] and/or it is more
singular than a delta distribution, the state is termed
nonclassical [23, 31, 32]. The so-called nonclassical depth
of a CV state ρˆ is then the quantity t = 12 (1−sm), where
sm is the largest real number such that Ws [ρˆ] (X) is non-
singular ∀s < sm. Thus ρˆ is nonclassical if t > 0 and
classical if t = 0.
Let us now consider a Gaussian state ρˆAB of mode A
controlled by Alice, and mode B controlled by Bob. We
write its characteristic function as [29, 33]:
χ [ρˆAB ] (Λ) = exp
{
−12Λ
TσΛ − iΛT 〈Rˆ〉
}
(2)
where the covariance matrix (CM) reads σjk =
1
2 〈{Rˆj , Rˆk}〉 − 〈Rˆj〉〈Rˆk〉, with 〈Rˆ〉 = TrAB [ρˆABRˆ]. The
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2uncertainty relations (UR) may be recast into a con-
straint on the CM associated with physical states [34],
i.e. σ+ iΩ/2 ≥ 0, where Ω = ⊕nj=1ω (for n modes) and
ω = iσy is the standard symplectic form [35].
Since χ[ρˆ](Λ) is a Gaussian function on phase space
whenever ρˆ is a Gaussian state, it is straightforward to
conclude from Eq.(2) and Eq.(1) that ρˆ is nonclassical
if and only if the least eigenvalue of σ is smaller than
1
2 . Examples of classical Gaussian states are coherent
and thermal states, while squeezed vacuum states are al-
ways nonclassical. In the following, we will be interested
in characterizing how quantum correlations in the joint
Gaussian quantum state ρˆAB may be exploited to influ-
ence the nonclassicality of one mode (say A) by Gaus-
sian measurements on the other one (mode B). In doing
so, Local Gaussian Unitary Transformations (LGUTs) do
not affect these correlations, and therefore we may freely
perform LGUTs on the two modes to bring ρˆAB into a
simpler form. In particular, by means of LGUTs a two-
mode Gaussian state can always be brought into the so-
called canonical form [33, 36, 37], for which the CM σ can
be decomposed in 2×2 diagonal blocks σ =
(
A C
CT B
)
with A = a · I2, B = b · I2 and C = diag(c1, c2), while
a, b, c1, c2 ∈ R. We now note that the unconditional state
of mode A, defined either as the state that Alice uses
to describe her mode without knowing anything about
Bob’s mode or as the state she assigns to her mode by
assuming that Bob has performed some measurement on
his mode without letting her know the outcome, is given
by ρˆA = TrB [ρˆAB ] and has a CM σA = A. Since the UR
imply that a ≥ 12 this means that ρˆA must be classical.
The same holds true for mode B, thus we may say that
given a two-mode Gaussian state ρˆAB in canonical form,
neither of the two modes has any intrinsic nonclassical-
ity. Based on this observation, we advance the following
definition:
Definition 1. A two-mode Gaussian state ρˆAB in canon-
ical form is called weakly nonclassically steerable (WNS)
from mode B to mode A (B → A) if there exists a Gaus-
sian positive operator-valued measure (POVM) {Πˆα}α∈C
on mode B such that the conditional state of mode A af-
ter such measurement and communication of the outcome
α:
ρˆc,α =
1
pα
TrB
[
ρˆAB
(
IA ⊗ Πˆα
)]
(3)
is nonclassical, where pα = TrAB [ρˆAB(IA ⊗ Πˆα)] is the
probability of observing the outcome α ∈ C.
Let us now deduce a simple criterion to discern weakly
nonclassically steerable states, starting with the following
proposition:
Proposition 2. The least classical (i.e. with high-
est possible nonclassical depth) conditional state ρˆc,α of
mode A attainable with Gaussian measurements on mode
B of a two-mode Gaussian state ρˆAB in canonical form
is reached by quadrature detection on mode B, either of
the xˆB quadrature if |c2| ≥ |c1|, or of the pˆB quadrature
otherwise.
Proof. Let us denote by σc the CM of the conditional
state: one can show that it does not depend on the out-
come α, but just on the CM of the POVM performed
on B. Therefore, ρˆAB in canonical form is WNS if and
only if there exists a Gaussian POVM such that the least
eigenvalue of σc is smaller than 12 . The effects of the most
general Gaussian POVM on a single mode may be written
as Πˆα = D(α)ρˆGD†(α)/pi where D(α) = exp{αaˆ−α∗aˆ†}
is the displacement operator and ρˆG is a single-mode
Gaussian state with 〈Rˆ〉 = 0. Furthermore, we may
choose the following convenient parametrization for the
CM σM of ρˆG:
σM =
1
2µµs
(
1 + κs cosφ −κs sinφ
−κs sinφ 1− κs cosφ
)
(4)
where µ = Tr[ρˆ2G] ∈ [0, 1] is the purity of ρˆG, µs =
[1 + 2 sinh2 rm]−1, κs =
√
1− µs2, rm being the squeez-
ing parameter of the state, and φ ∈ [0, 2pi) is a phase.
According to a well-known result [33, 38, 39], the con-
ditional CM is then given by the Schur complement
[40] of σ with respect to (B + σM ), explicitly σc =
A − CT (B + σM )−1 C. Since A is diagonal, the min-
imum λm (over all possible CMs σM ) of the smallest
eigenvalue of σc is attained for the supremum of the
greatest eigenvalue of CT (B + σM )−1C, which is posi-
tive semidefinite. By explicit calculation, this supremum
requires φ = 0 if |c2| ≥ |c1|, and φ = pi otherwise. The
resulting expression is a monotonic decreasing function of
µs, since one can see by inspection that its first deriva-
tive with respect to µs is always nonpositive. Therefore,
one needs to set µs = 0 in order to attain the supre-
mum and in this limit the value of µ becomes irrelevant.
The limit µs → 0 makes the Gaussian POVM Πˆα to col-
lapse into the spectral measure of the xˆ(pˆ) quadrature
for φ = 0(pi).
This result immediately leads us to the aforementioned
criterion:
Proposition 3. A two-mode Gaussian state ρˆAB in
canonical form is WNS (B → A) if and only if the pa-
rameters of its CM satisfy:
a− c2/b < 1/2 , c = max{|c1|, |c2|} (5)
Proof. Let us suppose that c = |c2| ≥ |c1|, so that we can
fix φ = 0 in Eq.(4). Then, for µs → 0, one can explicitly
compute λm = a − c2/b. But the initial state ρˆAB is
WNS if and only if the least classical conditional state is
nonclassical, which amounts to λm < 1/2, as stated by
Eq.(5). Otherwise, if c = |c1| > |c2|, one should choose
φ = pi to arrive at the same conclusion.
3We call this property weak nonclassical steering because
it does not imply entanglement. Indeed, there are (non
isolated) choices for the values of a, b, c1, c2 that corre-
spond to physical states (σ > 0 and fulfilling UR) that
are separable and WNS, e.g. a = b = 13.9, c1 = 4.6,
c2 = −13.7. Besides, there exist WNS states with
c1c2 > 0, which is a sufficient condition for separability.
Motivated by these results, we introduce the following
more stringent notion of nonclassical steering:
Definition 4. A two-mode Gaussian state ρˆAB in canon-
ical form is called strongly nonclassically steerable (SNS)
(B → A) if the measurement of any quadrature on mode
B generates a nonclassical conditional state of mode A.
Following the proof of Proposition 3, we immediately
conclude:
Proposition 5. A two-mode Gaussian state ρˆAB in
canonical form is SNS (B → A) if and only if the pa-
rameters of its CM satisfy:
a− c′2/b < 1/2 , c′ = min{|c1|, |c2|} (6)
Proof. The least nonclassical conditional state is reached,
among all quadrature measurements, by the “wrong”
choice of phase (φ = pi for |c2| ≥ |c1| and φ = 0 oth-
erwise). Therefore, it is sufficient to demand that the
minimum eigenvalue of σc is less than 12 also in this case,
thereby arriving at Ineq.(6).
In order to generalize these definitions from two-mode
Gaussian states in canonical form to all Gaussian states
of two modes, we should take into account (local) single-
mode squeezing transformations, which may alter the
nonclassicality of each mode independently of their quan-
tum correlations. However, since any two-mode Gaussian
state can be brought to its unique canonical form through
LGUTs without altering the correlations, we can extend
the definitions in the following way:
Definition 6. A generic two-mode Gaussian state ρˆAB
is called weakly (strongly) nonclassically steerable if the
unique Gaussian state ρˆ′AB in canonical form related to
ρˆAB by LGUTs is weakly (strongly) nonclassically steer-
able.
In order to extend also the results regarding the nec-
essary and sufficient conditions for WNS/SNS, we need
to specify the effect of LGUTs on σc. Any Gaussian
unitary transformation is implemented by a symplectic
linear transformation in the phase space formalism, and
viceversa. Therefore a LGUT on a two-mode system is
described by an element SA ⊕ SB acting on quantum
phase space, where SA(B) ∈ SLA(B)(2). The 2× 2 blocks
of a generic σ are transformed according to:
A′ = SAASTA B′ = SBASTB C′ = SACSTB (7)
Let us now suppose that SA ⊕ SB brings the initial σ
in canonical form, so that A′ = a′I2, B′ = b′I2 and
C′ = diag(c′1, c′2). The conditional CM σc resulting
from a Gaussian measurement with CM σM on the initial
state with CM σ can be rearranged as:
σc = STA
[
A′ −C′ (B′ + σ′M )−1 C′T
]
SA (8)
where the CM of the measurement has been redefined
according to σ′M = STBσMSB . We see that performing
the measurement (associated with) σM on the two-mode
state with CM σ is equivalent to perform the modified
measurement σ′M on the canonical form state related to
σ and then performing the transformation induced by
SA on the resulting conditional CM. This means that
we can simply factor out the action of SA because it
doesn’t interfere with the steering process. Meanwhile,
as long as SB does not introduce infinite squeezing, we
can still approach the desired limit of σ′M , acting on the
state in canonical form, by taking a limit of σM with a
suitable phase. Finally, to get the necessary and sufficient
conditions for WNS and SNS in the general case, we can
now rewrite Ineq.(5) and Ineq.(6), replacing a, b, c1, c2
with their expressions in terms of symplectic invariants
[36] I1 = a2, I2 = b2, I3 = c1c2, and I4 = (ab− c12)(ab−
c2
2), which are indeed invariant under LGUTs.
Proposition 7. A generic two-mode Gaussian state ρˆAB
is WNS (SNS) from mode B → A if and only if its sym-
plectic invariants satisfy the inequality:
I1I2 − I32 + I4 ∓
√(
I1I2 − I32 + I4
)2 − 4I1I2I4
2I2
√
I1
<
1
2 .
Strong nonclassical steering obviously implies weak non-
classical steering, but it also implies entanglement. We
will show this implicitly by proving a stronger result:
Theorem 8. A two-mode Gaussian state ρˆAB that is
SNS B → A is also EPR-steerable in the same direction,
therefore also entangled.
Proof. Following [7], EPR-steerability B → A of a Gaus-
sian state by Gaussian measurements amounts to the vi-
olation of the inequality σ+ i/2ωA⊕0B ≥ 0 by its CM.
Exploiting LGUT-invariance, we can restrict the com-
parison between EPR-steerability and SNS to Gaussian
states in canonical form. In this case, keeping in mind
that a > 12 , violation of the above inequality reduces to
[7, 41] (a− c21/b)(a− c22/b) < 1/4, which is certainly true
under the SNS Ineq.(6).
At this point, a question may arise on whether WNS
is related to the presence of Gaussian Quantum Discord
(GQD) [42–46]. In particular, one may ask whether there
is a strictly positive lower bound to GQD for states ex-
hibiting WNS, since Gaussian states with zero GQD, be-
ing factorized, are obviously not WNS. By construction
4of explicit examples, we now show that this is not the
case. It suffices to consider Gaussian states in canonical
form with a = (n + 2)/(2n + 1), b = n, c1 = (2n)−1/2
and c2 = −[2n/(2n + 1)]1/2, for any integer n > 2. By
direct computation one shows that the CMs are ≥ 0 and
obeying the UR. They are also WNS because they ful-
fill Ineq.(5). However, their GQDs DA|B and DB|A may
attain arbitrarily small values in the limit n→ +∞.
Let us now focus on the relevant class of two-mode
squeezed thermal states (TMST). The parameters of
their CMs are given by (r ∈ R+):
a/b = 12(1 +NA +NB) cosh 2r ±
1
2(NA −NB)
c = c1 = −c2 = 12(1 +NA +NB) sinh 2r (9)
where Ni ( i = A,B) denotes the average number of
thermal photons in each mode. Since TMST are all and
only those states whose CM is in canonical form with
the additional constraint that c1 = −c2 = c, evidently
the conditions for WNS and SNS coincide for them: the
most nonclassical conditional state on modeA is obtained
by any quadrature measurement on mode B. From the
proof of Theorem 8, it is also clear that TMST states are
EPR-steerable from one mode to the other if and only
if they are nonclassically steerable (strongly and there-
fore also weakly) in the same direction. This observation
provides a new, somehow surprising, role for the notion
of P-nonclassicality: it is the property that Alice should
check, after Bob’s measurement on his mode, to certify
that the shared TMST state is indeed entangled; we note
that this fact could find applications in one-sided device-
independent quantum key distribution [9]. Note that the
universal steerability condition for TMST states becomes
cosh 2r > 1 + 2NA(1 + 2NB)/(1 + NA + NB), which is
readily interpreted as a lower bound on the two-mode
squeezing needed to make the TMST steerable B → A.
In order to illustrate nonclassical steering for TMST
states, we employ plots of triangoloids. Consider the
conditional CM of mode A parametrized by (µc, µsc, φc)
as in Eq.(4). For TMST it is possible to compute the
functional dependence of these parameters on the initial
TMST parameters NA, NB , r and the POVM’s parame-
ters µ, µs, φ [47]. In particular we found that φc = φ,
thus the phase may be discarded. For a fixed TMST
state, we can thus plot the region of achievable condi-
tional states in the (µc, µsc)-space, as obtained by con-
sidering all the POVM’s parameters µ and µs. These
are the curvilinear triangles (triangoloids) in Fig.1, where
we also displayed the nonclassical region (light-brown re-
gion), i.e. those parameters corresponding to nonclassical
states [48]. The TMST state associated with a given tri-
angoloid is nonclassically steerable B → A when the tri-
angoloid intersects the nonclassical region, as in the right
panel of Fig.1. We shaded the intersection area accord-
ing to the nonclassical depths, with lighter regions for
higher t. As it may be also appreciated graphically, the
decisive point for nonclassical steering of a TMST is the
blue, lower vertex of the triangoloid, attained by quadra-
ture detection on mode B: if this point is outside the
nonclassical region, all other points of the triangoloid are
outside too. Notice that the equivalence of EPR steering
and nonclassical steering for TMSTs has a neat graphi-
cal interpretation: the light-brown nonclassical region is
the largest region such that a TMST whose triangoloid
intersects it is necessarily entangled.
FIG. 1. (Left): Triangoloid for TMST state with NA =
NB = 4.5 and r = 1.2, µc is the purity of the conditional
state, while µsc = (1 + 2 sinh2 rc)−1 quantifies squeezing of
the conditional state. The light-brown region contains all
nonclassical conditional states. (Right): triangoloid for NA =
NB = 0.75 and r = 1.2.
The rightmost, red side of the triangoloids is attained
by projective measurements on squeezed displaced vac-
uum states (squeezing increases, i.e. µs → 0 from the up-
per red point to the lower blue one). Notice also that the
uppermost, green side, obtained by non-squeezed mea-
surements (µs = 1) is always at µsc = 1, i.e. the associ-
ated conditional states are always classical.
As a final comment, we should mention that the quan-
tities on the left sides of (5) and (6) are the conditional
variances appearing in the Reid EPR-criterion [49, 50],
whose test is already experimentally accessible [51, 52].
This is in agreement with the well-known result stating
that quadrature measurements are the best choice for
Gaussian EPR steering [53]. In turn, WNS amounts to
ask that at least one of such variances is smaller than the
vacuum value, whereas SNS requires the same to be true
for both these variances separately. EPR-steerability in-
stead asks that the product of them is smaller than the
value attained by the same quantity on the vacuum [54].
This suggests a new hierarchy of steering concepts in the
Gaussian landscape, with WNS being the weakest type,
weaker than entanglement, and SNS the strongest, while
EPR steering is in between, stronger than entanglement
but weaker than SNS.
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Supplemental Material: Nonclassical steering with two-mode Gaussian
states
1. DERIVATION OF ANALYTICAL EXPRESSIONS FOR TRIANGOLOID PLOTS
The covariance matrix (CM) σc of the conditional state ρˆc,α, being single-mode, can be written in the following
form:
σc =
1
2µcµsc
(
1 + κsc cosφ −κsc sinφ
−κsc sinφ 1− κsc cosφ
)
(S1)
where µc is the purity of the conditional state, µsc = (1+2 sinh2 rc)−1 quantifies the amount of single-mode squeezing
rc, while φc is the squeezing phase and finally κsc =
√
1− µsc2 for brevity. The eigenvalues of σc are λ± = 1±κsc2µcµsc so
that, in particular, the conditional state is nonclassical if and only if:
λ− =
1− κsc
2µcµsc
<
1
2 =⇒ µsc <
2µc
1 + µc2
(S2)
which defines implicitly the nonclassical region. Note that the nonclassicality of ρˆc,α does not depend on φc and
we can focus just on µc and µsc, which can be retrieved from Eq.(S1) using the following relations:
det [σc] = (2µc)−2 , Tr [σc] = (µcµsc)−1 (S3)
According to the Schur complement formula, the conditional CM σc for a Gaussian measurement described by µ, µs
on mode B of a TMST state with parameters NA, NB , r, is given by:
σc = a · I2 − c2
[
σ1 · (b · I2 + σM )−1 · σ1
]
(S4)
where σ1 = diag(1,−1), σM is the measurement’s CM according to Eq.(4) and a, b and c are the parameters of the
TMST state’s CM, defined in Eq.(9) of the main text. We now define two new parameters to simplify the calculations:
α := b+ 12µµs
, β := κs2µµs
(S5)
with κs =
√
1− µs2 as in Eq.(4). Noting that α > β ≥ 0, we may write:
(b · I2 + σM )−1 = 1
α2 − β2
(
α+ β cosφ −β sinφ
−β sinφ α− β cosφ
)
which can be inserted in Eq.(S4) to arrive at:
σc = a · I2 − c
2
α2 − β2
(
α− β cosφ −β sinφ
−β sinφ α+ β cosφ
)
(S6)
At this point, φ is still the phase of the measurement. However, we can now apply Eq.(S3) and solve for µc and µsc
to get the final result:
µc =
1
2
√
α2 − β2
(c2 − aα)2 − a2β2
µsc =
√
(α2 − β2) [(c2 − aα)2 − a2β2]
a(α2 − β2)− αc2
(S7)
and we see that µc and µsc are independent of φ, so it must be that φc = φ and the phase becomes irrelevant for the
conditional nonclassicality, hence for the whole (nonclassical) steering process with TMST states.
